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Abstract 



The C*-algebras called Quantum Heisenberg Manifolds (QHM) were introduced 
by Rieffel in 1989 as strict deformation quantizations of Heisenberg manifolds. In 
this article, we compute the pairings of if-theory and cyclic cohomology on the 
QHM. Combining these calculations with other results proved elsewhere, we also 
determine the periodic cyclic homology and cohomology of these algebras, and obtain 
explicit bases of the periodic cyclic cohomology of the QHM. We further isolate bases 
of periodic cyclic homology, expressed as Chern characters of the if-theory. 

Keywords: quantum Heisenberg manifolds; ii'-theory; cyclic cohomology; Chern- 
Connes pairings; generalized crossed product; Pimsner algebra; Heisenberg group. 



1 Introduction 

Quantum Heisenberg Manifolds (QHM) were introduced by Rieffel in [35]. They 
are a family of C*-algebras Z?^ ^ indexed by c € K and /i, G R. These algebras 
D have since been closely studied in series of articles by Abadie (see for instance 
[ll[l[5j[3]) and Chakraborty (see [7] and [6]). In the article [4: by Abadie, Eilers 
and Exel, it was proved that QHM are generalised crossed products. This notion was 
later unified by Katsura [151 116] with that of Pimsner algebra (^SOj). In their article 
[TT| . Connes and Dubois- Violette related QHM to the noncommutative 3-spheres 
they introduced in [TU] . 

The present article is a refinement of the previous studies of QHM, by means of 
pairings between cyclic cohomology and if-theory. These pairings were first defined 
by Connes in his article [5] of 1985. They have a parity: odd cocycles pair with Ki 
and even cocycles with Kq. 

After reviewing QHM and the associated Heisenberg group action, we define a 
smooth subalgebra & oi D . Using the general proposition 13.51 we then construct 
explicit cyclic cocycles {^Pi)i=i,2,z, (^'1,3)4=1,2 and (^1,2,3 out of the Lie group action 
(see proposition 13. 8p . We rely on previous work by Abadie to obtain projective 
finitely generated modules over . We then construct a generating set 

{Ui,U2,U3) of Ki{&) 

There are two main results. The first one are the theorems 18.31 and 18.41 



Theorem. Taking the notations of vrovosition lK^ and section\^ 

• the family (t, (^1^3, (^2,3) is a basis of HP'^{!^); 

• the family {ipi,(p2,Vi,2,3) is a basis of HP^{2!); 

• the family (Ch([/i), Ch(J72), Ch(C/3)) is a basis of HPi{9). 

Moreover, if n ^ Q ^ v, then the family {C\i {^"^ ^) , Ch {.yV^f; ^) , C\i {.yV^ ^)) is a 
basis of HP^{% ,,). 

Notice that this theorem relies on /c/c-equivalences that are constructed in [13]. 
The proof also depends on the two tables (14. ip and (15. 3^ : 
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that give the pairings of cychc cohomology with if-theory in the even and odd cases. 
The computation of these tables is the second main result. 

This paper is organised as follows. In section 2, we review the properties of the 
QHM. Section 3 is devoted to the construction of cyclic cocycles. The pairings in 
the even cases are computed in section 4. Sections 5 and 6 are concerned with the 
calculation in the odd cases. Section 7 focuses on the unfolding the consequences of 
the previous computations. The computation of the periodic homology and coho- 
mology is completed in section 8. We conclude in section 9 by some remarks, and 
finally include a construction of the Toeplitz algebra of the Pimsner algebra. 

2 Quick Review of QHM 

We will define the QHM as generalised crossed product oi A = C{T'^) by a certain 
Hilbert bimodule ^. A general reference for Hilbert modules is [T7]. As several 
definitions of "Hilbert bimodules" exist in the literature, we specify our notion: 

Definition 2.1 (Hilbert bimodule). A A-A-Hilbert bimodule aEa is a vector space 
E such that: 

• Ea is a right Hilbert module with A- valued scalar product {,) a] 

• aE is a left Hilbert module with scalar product a( , ); 

• the scalar products are compatible in the sense that ^(C, ?7)a — a{£,i Ov- 

We follow the definitions 2.1 and 2.4 of [J]: 

Definition 2.2 (covariant representation). Let aEa be a A-A Hilbert bimodule. A 
covariant representation of E on a C*-algebra i? is a pair (tt, t) made up of: 

• a *-homomorphism of algebras tt : A — > i?; 

• a linear map T : E ^ B satisfying 

{^) mrno^TrmoA) (m) mMa) = ma) 

(izi) 7r(a)r(0=m) {^v) TOTO* = 4^(^10)- 

The associated C*-algebra is: 

Definition 2.3 (generalised crossed product). Let aEa be a A-A Hilbert bimod- 
ule. The generalised crossed product A'Ae'^ Ahy E is the universal C*-algebra 
generated by the covariant representations of aEa- 

We now define the Hilbert bimodule Af^ ^ that we will use. 

Definition 2.4 (Hilbert bimodule over A). Given two real numbers ix,v and an 
integer c > 0, we define a Hilbert bimodule Af^ over A = C{T'^) as the set of 
continuous functions ^ : IR x S'-'^ — ?> (D which satisfy: 

^{x + l,y)^e{^c{y~iy))ax,y) ^{x,y + 1) = ^^^y). (2.1) 

where e{x) = e^'^". We give it a bimodule structure by (direct) pointwise multipli- 
cation on the left and right multiplication defined by (^ • a){x, y) — £,{x, y)a(a)(x, y) 
where a is the automorphism of A defined by a{a){x, y) = a{x — 2/i, y — 2v). Finally, 
the scalar products are: 

(a, 6)^(2;, y) ^^i{x + 2fi, y + 2iy)^2{x + 2ti,y + 2v) (2.2) 

A{£.i,£.2){x,y) = £,i{x,y)(,2{x,y), (2.3) 
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For conveniance, we will use the shorthand notation M instead of ,yWe can 
easily verify that this indeed defines a Hilbert bimodule. We are now ready to define 
the QHM: 

Definition 2.5 (quantum Heisenberg manifolds). Given an integer c > and /i, S 
R, the quantum Heisenberg manifold D'^ ^ is the generalised crossed product A xi 

In the following, we will write D instead of Z)^ ^ whenever possible. We will 
identify the elements ^ € M with their images in D . From the definition of Z?, it 
appears that for any ^, C G -/Vf 

A(e,c)=ec* (?,c)A = rc 

To give a more concrete definition (see [1]), D is a completion of the algebra: 

I?o = {i^ e Cc{TL ^ Cf,(]R X S^))\F{v, x + 1, y) = e{-cvh) - H)^(P, a:, y)} 
equipped with multiplication: 

(Fi • F2)(p, a:, y) = ^ i^i(g, X, 2/)F2(p - g, a; - ^2^^, y - q2y) (2.4) 

and involution: 

F*{p,x,y) = F{-p,x- 2pfi,y- 2pv). 

As every generalised crossed product, D is endowed with a gradation by Z: a G A C 
D has degree and £^ E M C D has degree 1. 

Proposition 2.6. For all ^, we can find ^1,^2 G ^ such that: 
22 22 

J2^:i^^Y.(^^,^^)A^l E ^^^^^ = E ^ = ^ ' (^.5) 

Proof. Let Ui, U2 be the respective images of Vi =] — 1/3, l/3[ and V2 =]l/6, 5/6[ 
by the quotient map tt : R — R/Z ~ S^. Ui,U2 is an open cover of S^. We call 
Xi,X2 a subordinated smooth partition of the unity of S^. Setting Xi — , , 

we get xi and X2 such that Xi + X2 = 1 ^^^"^ Supp Xi C [/j. 

To define ^1 on the cyhnder Rx S^, we first set ^1(2:, y) — Xi{^) on [—1/2, 1/2] x 
S^. This function can then be extended to the whole R x i*-*^ by enforcing the 
equations (j2.ip . Notice that the extension is possible because ^1 vanishes on the 
boundaries of [-1/2, 1/2] x S^. 

The same process can be applied on [0, 1] x to define ^2- In the end, we get 
such that 

{£,i,£,i)A{x, y) ^Xi{x + 2^, y + 2i^)xi{x + 2fi,y + 2v) x^{x + 2fi,y + 2v). 

The first equation of (j2.5l) hence comes from the property of the Xi- The same kind 
of computation provides the second equation. □ 
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Definition 2.7 (Heisenberg group Hi). The Heisenberg group Hi is the subgroup 
of GL3(R) of the matrices 

'1 s t\ 

1 r ,r,s,i e E (2.6) 
vO ij 

The following definition has its origin in 122', proposition 5.6. 

Definition 2.8 (action of the Heisenberg group). There is a pointwise continuous 
action of Hi on D defined on Dq by: 

a(r,s,t)(^)(p, X, y) = e{p{t + cs{x - r)))F{p, x-r,y- s). 

Using the parameters (r, s, t), the infinitesimal generators of this action are: 

OF 

diF{p,x,y) ^ ~ — {p,x,y) d:i{F){p,x,y) ^ i2'npF{p,x,y) 

OF 

d2{F){p,x,y) = - — {p,x,y) + i2TrpcxF{p,x,y). 
and they fulfill the commutation relations: 

[di,d2]^~cd3 [91,93] =0 [52,93] =0. (2.7) 

Definition 2.9 (trace on QHM). A trace r is given by r(F) — J^i F{x, y, 0)dydx. 
It is invariant under the action of Hi . 

Finally, the ii'-theory of the QHM was computed in [2] (theorem 3.4): 

Theorem 2.10 (Abadie, 1995). 

Kq{P) = 1? ®TLlcTL Ki{D)^l?. 

3 Cyclic Cocycles and Lie Groups Actions 

The definition of cyclic cohomology was given in [9^ III.l p. 182: 

Definition 3.1 (Cyclic Cohomology). Given an algebra jz/, the cyclic cohomology 
HC'^''{j!^) is the cohomology of the complex (C^', 6) where is the space {n + 1)- 
linear forms (/) on such that: 

0(a",ai,-- - ,a") = (-l)"0(a",a°,-- - ,a") 

and the coboundary map h is given by: 

n 

60(a", . . . , a", a"+i) = ^(-l)^(/.(a°, . . . , a^+\ a"+i) 

+ (-l)"+V(a"+'a°,---,a")- 
A cyclic cocycle is a closed cochain in the above sense. 
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Definition 3.2 (Cycle). A cycle of dimension n is a triple (fi, d, /) wiiere O = 
®J=o ^ graded algebra over (D, d is a graded derivation of degree 1 such that 
(f — and J : f2" — > (D is a closed graded trace on fi. 

A cycle over an algebra .s/ is a cycle {D,,d, J) together with an homomorphism 

We can restate the proposition 4, III.l [9]: 

Proposition 3.3. All cyclic cocycle arise as trace of a cycle and vice versa. 

In the following definition and proposition, we adapt the construction of III. 6, 
example 12 c) p. 254: 

Definition 3.4 (Differential Algebra Associated to a Lie Group Action). Let A be 
a Banach algebra equipped with a pointwise continuous action a of the Lie group 
G. We let £/ = {x e A:g ^ ag{x) e C°°{G A)}, and ^ be the Lie algebra 
associated to G. 

The differential algebra flQ associated with the action a is the graded differential 
algebra defined by the alternating ^ -valued multilinear forms on equipped with 
the differential d: 

n+l 

duj{Xi,. . . , X„+i) = ^(-l)*X,c^(Xi, . . . , X„ . . . , X„+i) 

i=l 

The following proposition is a restatement of the property described in [S], p. 255. 
We adapt it to our simple case and state it: 

Proposition 3.5. Ifr is a G-invariant trace over A and fiA- • • A^fc € A'^^^ satisfies 
^(-1)''+-'' [6, e,] A a A • • • A I, A • • • A A • • • A e„ = 0, (3.1) 

then 

{aQ®ai®---® a„) ^ ^ e(CT)r (aoC<^(i) (ai) • • • Cct(„) (a„)) 
is a cyclic cocycle on si . 

Definition 3.6 (smooth QHM). We define the sraooth QHM 9 hy 21 = {F & 

D:g^ag{F) G C^{Hi^D)}. 

As a is pointwise continuous, the following property is well known (see |23] . 
p.138): 

Lemma 3.7. & is a dense subalgebra that is stable under holomorphic functional 
calculus. In particular 

Ka{2) = Ko{D) (S'Z/c'Z Ki{&) ^ Ki{D) = 1? . (3.2) 

Proposition 3.8. The 7 following multilinear forms are cyclic cocycles on : 
• Degree 0: trace t. 
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• Degree 1: ipi for i = 1,2,3 where ipi{ao^ai) — r(ao9i(ai)). 

• Degree 2: (^1.3 and (^2,3 where 

<Pi,3(ao, 01,02) = T (^00(9^(01)53(02) - 93(01)9^(02))^ 

• Degree 3: 1^91,2.3 given by: 

',51,2,3(00,01,02,03)= ^ £(o-)T(^oo9£r(i)ai9o.(2)02(9c,(3)a3y 

0-GS3 

Proof. This is a straightforward application of proposition 13.51 

• Degree 0: there is nothing to check since r is a trace. 

• Degree 1: any derivation generates a cyclic cocycle. 

• Degree 2: the commutation relations (|2.7p show that ^1 A ^3 and ^2 A^3 satisfy 
the condition p.ip . 

• Degree 3: start with ■^i A 1^2 A ^3. The condition can therefore be written: 

(-i)'Ki,6] A 6 + (-i)'Ki,6] A6 + (-i)'[6,6] = 0. 

The commutation relations (|2.7p ensure that this expression vanishes. 

□ 

Remark 3.9. One could expect a third 2-cyclic cocycle ipi^2 given by 1,91,2(00, 01,02) = 
T^oo(<9i (01)92(02) ~ 92(01)91(02))^ (pi^2 is indeed a Hochschild cocycle, as an easy 
computation shows. However, proposition 19 . 1 1 implies that (^1,2 is riot a cyclic cocy- 
cle. 

Proof. Indeed, if ipi^2 were a cyclic cocycle, then </3i.2(l, oi, 02) = 0. Yet, 

V5i_2(l, 01,02) t(9i (01)92(02) - 92(01)91(02)) = 

= t(9i(oi92(o2)) - 92(0192(02))) - r(oi9i 92(02) - oi929i(o2)) = 

= ct(oi93(o2)) = 0(^33(01,02), 

using (j2.7p . But the proposition l9 . 1 [ proves that 1,93 pairs nontrivially with a Hochschild 
cocycle and therefore is nonzero. □ 

4 Modules and even Pairings 

Bear in mind (see |B] part H, theorem 9) that if o^ ® fe; € A (g) M„(C) and G HC*, 
the cup product Tr is defined by: 

(0# Tr)(o'' ® 6°, . . . , o" &") = 0(0°, . . . , o") Tr(6° • • • 6"). 

We follow the definition and normalisations of [9 (HI. 3 proposition 2): 



7 



Definition 4.1 (even Chern-Connes Pairings). Tlie following formula defines a 
bilinear pairing between Kq{£/) and iJC^™(j2/): 

([e],[0]) -^(<^#Tr)(e,...,e) 

where [e] € Kq and € ZC^". 

Furthermore, there is a periodicity map S : HC" — ?> HC'^'^'^ which enables us to 
define the groups HP*{s^) - see gS], 10.1, definition 10.5 p.445: 

Definition 4.2 (periodic cyclic cohomology). The periodic cyclic cohomology are 
the two groups obtained as inductive limits: 

HP°{£/) = \miHC^''{£/) HP^{£/) = lmiiJC^'=+i(j^). 

The above pairings are in fact defined on HP'^{£/) because they satisfy ([e], [S(l)]) = 

(N, [</>]). 

Theorem 4.3. If fi ^ ^ i>, we can define projective finitely generated modules N 
ana over D , and ttie values of ttie pairings are given by the table: 





r 


Vl,3 


¥'2,3 


m 


1 












-i2n 







-2iy 





-z27r 



(4.1) 



Notice that: 

• the first column of this table was computed by B. Abadie in [3]; 

• if /U = or J/ = 0, then the projective finitely generated modules -yV and c/K'l' 
are not both defined. In this case, we have to use the isomorphism between 
^li+i v+i D'ii u that was proved by Abadie in 11. This phenomenon of 
"disappearing module" may be surprising, but it also happens with "Schwartz 
modules" in the case of noncommutative tori - see ^ part II, definition above 
lemma 54. 

The projective finitely generated modules over were studied by Abadie in 
[1] and [2]. We present the results of [1] pp. 2-3: 

Theorem 4.4 (Abadie, 1992). For all c G N*, ^, G R such that ii^ + v'^ ^ 0, there 
is a projective and finitely generated right module N'^ ^ over ^. Nj^ ^ is obtained 
by completing Cc (IR x S^) with respect to the ^-valued scalar product: 

(/, 9)d-^ (p, x,y) e{cnp{y ~ pv))f{x + n, y)g{x -2pn + n,y- 2pv). 

The right action of is given by 

q 

Moreover Tr ( Matc ^ ) = 2/i. 

We will write N instead of A^^ ^ whenever possible. 
Remark 4.5. This module A^ is in fact the dual to the module X given in [T], p. 2. 
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4.1 Connexions and Pairings for J/ 

The definition of a (noncommutative) connexion is given in [5], III. 3. definition 5; 

Definition 4.6 (Connexion). Let A be a cycle over jz/, and S a finite pro- 
jective module over ,e/, a connexion V on (o" is a linear map V : — >■ ^ such 
that: 

VCe^,Vaei/, V(^a) = (VOa + C«)c^p(a) 

Notice that in the above definition, we do not actually need the trace J of the 
cycle. We could equally consider a "graded differential algebra over . 

The following proposition enables us to compute the even pairings using the 
connexions - see [9j, III. 3 proposition 8: 

Proposition 4.7. Let S'j^ be a finitely generated projective module over £/ . Assume 
that we have a cycle /) over £/. 

1. S = (S Q is a finitely generated projective Q-module. 

2. All connexion V can he uniquely extended to a linear application from S into 
itself that satisfies : 

e S',uj en, Vi^i^uj) ^ {V£,)uj + ^<g) duj 

3. One has 
where 

• n is the (even) dimension of the cycle f2 and n = 2m; 

• e Ko{.s/) is the class of S ; 

• T is the character of 51; 

m J is the trace of the cycle; 

• is the endormorphism of S defined by 9 — V^. 

Definition 4.8 (Covariant Action). Let Ea be a module over a C*-algebra A. A 
covariant action of a Lie group G on Ea is a pair (a, j3) where a and /3 are actions 
of G on yl and E respectively, which satisfy 

Proposition 4.9. If [a, (3) is a covariant action on Ea, then 

• we can define a -module S'^/ as the set of "G-regular elements"; 

• the module S is equipped with a connexion V :<§ ^ S over the differential 
algebra flQ. 

Proof. We define S" in the following way: 

<^^{(.eE:g^ (3g{0 is in C°°{G E)}. 

This is a module over £/: ii ^ e S", then e S' because g i— Pg{£,a) = (3g{^)ag{a). 
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Define V by 

^ t^o t 
This is clearly a map <g ^ S ®'^* . 

Let us check that V is a connexion: 

V^(^a) = lim = lim /^e*- (O^e^^ (") " ^« = 

^ t->-0 t t^o t 

= lim - (/3gtx (^)agtx (a) — ^a^tx (a) + (;a^tx (a) — ^a) = (Vjs:^)a + £,dx{a)- 

□ 

Proposition 4.10. If nj^O, there is a covariant action (3 of Hi on N j-^ given by 

Pir,s,t){f)i^^y) = e'^t(*+«^^/2)/(a; - r,y - s) 
Proof. On the one hand, 

/3(r,M)(/-^)(a=,y) = 

= e'^S^'+^'^^Z^) J2f{x-r- 2qii, y-s- 2qv)F{-q, x-r- 2qn, y-s- 2qu). 

Q 

On the other hand, 

(/3(r,s,t)(/) • Q!(r,s,t)(^)) {X,y) = 

= P/^^-^^")? f{x-r- 2qii, y-s- 2qv) 

X e{q{t + cs{x — 2g'/i — r + qii))^F{—q,x — r — 2g/i, y-s - 2qu). 
We can restrict this to study the phase factor 

^i(x-2qiJ,)f(t+sc{x-2q^i.)/2) ^i2nq(t+cs{x-qtJ.)) 

while ignoring the e*' : 

(a;-2g^)-(f + sc(a;-2g/i)/2) + 27rg(t + cs(a; - g/i)) = 
A* 

t ^x— — 27rg + 27rg^ + s ^(x — 2qix)—c{x — 2g/i)/2 + 2-jTqc{x — ^/u) 

= a;— f + sc— ((x — 2q^)'^ /2 + 2qn{x — q^)) = x—(t + scx/2) 
MM M 

Integrating this property into the expression of P(r,s,t){f) " oi{r,s,t){P)'- 

(/3(r,s,«)(/) • a(^r,s,t)iF)) {x,y) = 

= e"^ -r- 2qij,, y-s- 2qu)F{-q, x-r- 2g/i, y-s- 2qv) 

q 

= /3(r,«,t)(/-i^)(a^,y). 

□ 
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Notation 4.11. We denote by J^ the ^-module of the elements of N that are 
regular under the action /3 of B.\ . It is a finitely generated projective module over 

Using the covariant action on A'^, it is easy to construct connexions over ,jY : 

Proposition 4.12. The connexions over ,yV associated to ipi_3 andip2,3 respectively, 
are: 

Of ZTT 

(V/)(a;,?/) = —{x,y)dx xf{x,y)dp 

ax /i 

and 

(v/)(a;, y) = [ ^ — ^TT^^f — ^/(^' y)'^p- 

\dy 2^1 J ^ 
Proof. This is an obvious application of propositions 14.91 and 14.101 □ 
Proposition 4.13. If fi j^O, the pairings over .jV are given by (|4.ip . 
Proof. First consider the case of (^1,3. Computing V^/ yields: 

v(v/).v(|i<i.-H,;,,) 

= (^-^dx - —x^dp] dx~— ( ( f + dx - —xfdp] dp 

\ OX'' ^ ax J M\\ J M / 

= — i — f ® dx hdp 

thus — —ij^ Id,yK '^dx A dp. The trace of IdAr was computed by Abadie (theorem 
14. 4p . The pairing is given by the table (j4.ip : r (p) = 2/i. Hence 

In the case of 932,3, the two terms in the connexion commute, so = and 

([^],^2,3) =0. 

□ 

4.2 Connexions and Pairings for 

We define a second module A^^ over D through an isomorphism between two D : 

Proposition 4.14. There is an isomorphism $ : 13^ ^ — > D1 ^, induced by the 
Hilbert bimodule representation: 

Tria)ix, y) = a(-y, -x) TiOix, y) = e^2.c(,+M)(.+.)^(_y^ 

Moreover, this isomorphism intertwines the actions of Hi : 

Har,sAF)) = a'-s^-r,-t+csrmF)) (4.2) 

where a and a' are the actions of Hi over D"^ ^ and ^, respectively. 
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The intertwining of the actions proves that ^, and '3'^ ^ are sent onto one 
another. 

Proof. The existence of such isomorphism was proved in theorem 2.2. However, 
we here give an explicit isomorphism and specify the intertwining relation. 

Following the definition l2.5[ the algebra ^ q of continous functions ZxRxR ^ 
(D which satisfy 

F{p, x + l,y)^ e{-cp{y - pfj,))F{p, x, y) F{p, x,y + l)= F{p, x, y). 

is dense in Z?^ ^ . The definition 12.51 implies that it suffices to check that there is a 
representation of the Hilbert bimodule ^ in Z?^ ^ to get the morphism of algebra 

Let us check that T{£,) has the degree —1 in Df, ^ q: 

TiOix + l,y) = e*2-cto+^)(-+i+^)^(_y^ -a; - 1) = e'2-c(^+'^)r(^)(a;, y) 

and 

TiOix, y + l) = e*2-cfe+i+M)(x+.)^(_y _ ^ ^ 

To prove that tt and T induce a bimodule representation, it suffices to prove the 
points (i) and (iv) of definition 12.21 The others are consequences of these two (see 
[IB] definition 2.1). 
Regarding point (i): 

mrTioix,y,o) = 



= C(-y + 2Ai, -X + 2v)a-y + 2/i, -x + 2;.) = ^((C, C>A)(a;, y). 

As for point (iv): 



= C(-2/, -a;)C(-?/, -x) = TT (a(C, 0) (a^: y)- 

Hence, there is a homomorphism from I?^ ^ into Df, ^. 

tt{A) and T(i?) generate the algebra, hence it suffices to check the intertwining 
(|4.2p on these two sets. Denoting by a' the action of Hi on Df, ^ , we get: 

7r(ar,s,t(a))(a;,y) = 7r(a(x-r,?/-s)) = a(-j/-r, -a;-s) a'_.. _^. _t^^^^(Tr{a)){x,y) 

as well as: 

Tiar.s,tOix,y) = 7" (e( - + cs(a; - r - -r,y- s)^ 

= e*2^'=(^+^)(^+'^)e( - (< + cs{-y -r- ii))^i[-y - r, -a; - s) 
= e( — < + c(y + /i)(.x + s + z/) + csr)^(— j/ — r, — x — s) 

= e( — (< — csr) — cr(a; + s + i^))e(c(?/ + r + /i)(.T + s + i^))^(— y — J', — x — s) 
= (a'_^__^^_t+^^^r(0)(a;,y)- 

□ 
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Definition 4.15 (module Nj^l). We define the module Nj^l over D'^ ^ as the mod- 
ule induced from A^^^ through $. This module exists as soon a&v^Q. Explicitely, 
the action of Z?^ ^ is given hy f ■ F = f ^{F). 

Remark 4.16. If P' is a projector of Mn{D1 ^) associated to ^, then P = 
$^^(P') is a projector of M„(iD^ j,) associated to -/Vt"^. 

Lemma 4.17. The cyclic cocycles tpi^^ induced on ^, from the cyclic cocycles Lp[ 3 
over ^l^p, are given hy: 

Proof. We simply have to derive the intertwining relation to obtain: 

-$ o = ^2 o $ o ^2 = 9; o $ o ^3 = 9^ o $ 

linking the derivations 9,' of and 9^ of The traces ^ and r^^ are in- 

variant in the sense that r^^ (<i>(F)) = Consequently, the induced cocycles 

are: 

<i>>^,3(ao,ai,a2) =T($(ao)[5K$(«i))9^($(a2)) -9^('I>(ai))aK'i>(a2)]) = 

= T^<&[ao(9j(ai)53(a2) - 53(01)19^(02)] j = </'i,3(ao, oi, 02) 

where (i,j) is a permutation of (1,2). □ 

Proposition 4.18. If v ^ Q ^ n, the pairings of ,yV'^ are given hy the tahle (|4.ip . 

Proof. Considering remark [4.161 the definition of $*(y9i.3 and the previous lemma, 
we clearly have 

Since 14. ll gives us the values of the pairings ([-/(C?^]' '/'m) '^'2,3)' S^* 

□ 

5 Unitaries and First Odd Pairings 

The inclusion A ^ Z)^ ^ induces 2 elements of Ki{D'^ y): 

C^i(p, a;, y) = 6o^pe{x) U2{p, x, y) = 5o,pe{y) 

We want to construct a third unitary. As a first step, notice that the definition 12.41 
entails: 

VeeA/,VaGA, ^a = CT(a)e. (5.1) 

Corollary 5.1. For all ^, C e Af^,, C i?^ ,,, a(rC) = CC- 
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Proof. The definition of AI^ ^ ensures that = ^o'(a) for all a e A. Using the 
elements ^1,^2 of proposition 12.61 we can write: 



using the commutativity of A. □ 

Remark 5.2. The automorphism cr of A can be extended to an automorphism of 
D, also noted a. It suffices to set a = a(^2fj.,2i^,o}- 

Proposition 5.3. Let 



6 01 - \0 ai^i) 



We get the relations: 



p±=p|=p* P+ + P_ = h Q±^Ql = Ql Q+ + Q-=l2 
P±M± = M± M±Q± = M± M±M^ = M^M^ = 

Thus U3 = A/-|_ + Af_ is a unitary. 

We will compute the index of this element in proposition 17.11 and make further 
remarks on this element in section 1X1 

Proof. The first four relations arc proved by direct calculation. The relations be- 
tween the Q± are obvious. The P± are clearly self-adjoint. A direct computation 
using eiCi* + 6^2* = ELi A(e., C»> = 1 shows that Pl=P.. 

Let us now show that P+ -I- P_ = /2, which proves the relations between P±: 

-aa 6^2/1^(^6) ^mi)) ^-6a+6a 6^2+ aa 

through a systematic use of corollarv l5.ll Finally, developping 

(M±g± - M±)*(M±g± - M±) = (Q±Mi - Mi)(M±Q± - M±) = 
ensures that M±Q± = M±. Now P±Af± = M±M|M± = M±Q± = M±, and 
M±M* = Af±Q±Q^Af * = M^M^ = A^PiPz^Afzp = 0. 



□ 



The definition of odd pairings can be found in ||9j III. 3 proposition 3: 
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Definition 5.4 (Chern-Connes pairings). Thie following formula defines a bilinear 
pairing between Ki {s/) and iJC" (^) : 

= -=r(- + l (0#Tr)(u*-l,w-l,u*-l,...,w-l) (5.2) 

where n = 2m + 1, [[/] e ifi and e ^6*^™+^. These pairings satisfy {[u], [S(j)]) = 

(N,M)- 

Theorem 5.5. Using the previous unitaries Ui, the values oj the pairings are given 
by the table: 







V2 




'Pi, 2, 3 


m 


-Vi27r 











m 





-Vi27r 








m 


\/i1'K2cv 


— •\/«27r 2c/i 





(z27r)3/2c/3 



(5.3) 



The proof of these results will occupy the next two sections. 

Proposition 5.6. The pairings with Ui and U2 are given by the first two lines of 
(ESI). 

Proof. For i = 1,2 and j = 1, 2, 3, let us evaluate: 

b,]) = ^r((C/; - l)d,{U, - 1)) = -±=r{U*d,m), 

using t(9j(X)) = and 9j(l) = 0. The explicit expressions of dj in degree and 
Ui yields: 

([[/.], [^,]) =-<5,,,V2*^. 

The pairings with </Ji,2,3 are given by: 

Each term of the above sum contains a vanishing derivation, hence ([?7i], 1^31.2,3) = 
0. ' □ 

To evaluate the other odd pairings, we need to estimate the commutation rela- 
tions between a and the derivations dc 

Notation 5.7. We use the notation d[u,v.w) — udi + vd2 + wd^. 
Proposition 5.8. The equality 

ar,s,t{d{u.v,w){F)) = d(^u',v'.w'){ar,sjiF)) 

is fulfilled if and only if 

u = u' V = v' w = w' + c{v'r — su') (5-4) 

Proof. This is a straightforward computation. □ 
Proposition 5.9. The pairings ofU^ with the degree 1 cocycles are given by (j5.3p . 
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Proof. To simplify notations, we write d and ip instead of di and (pi. Remember 
that C/3 = M+ + M_ : 

V^([/3, ip) = t((M; + Ml ~ l)d{M+ + Af_)) = r((M; + Af* )(9(M+ + M_)) 

because T(c)(Af+ + A/_)) = 0. The trace vanishes on nonzero degree elements, hence 
we keep only the degree terms of the expression: 

V2i^{U3, if) = r(A/;aA/+ + M*_dM^). 

Explicit computations yields: 



The commutation relations da{F) — a{d{F) + kd3{F)) holds for all di, i E {1, 2, 3}, 
but with different constants ki. Proposition 15.81 ensures 

fci = —2cv k2 — 2cfj, k^ — 0. 

Upon integrating the commutations relations in the trace of Af^i9A/_|_: 

+ kdsiC^)) + 'j{i2MdC2 + kdsiC^)) - 

= ^(69(^1*) + + HiidsiCi) + 693(^2*)))- 

Yet dsi^t) = -i27r^* and ^1^1* + 6^2 = 1, so: 

= + ^2*^6 + ^(Ci^^i* + 65^2*)) - «2^fc 

- r{dmi + Qi2)) - ^2^Tk = T(a(l)) - z2^A:, 
where we applied corollary 15.11 Taking into account the different values of fc^: 
(C/3,V5i) = V2i^2czy ([73,^32) = -V2z^2cAt (1/3,^3) = 0. 

□ 



6 Top Degree Pairing 

Proposition 6.1. The pairing ([?73], (^1^2.3) is given by the table (|5.3p . 

The proof of this proposition will fill the remainder of this section. Setting 
U — U3 ^ A/+ + A/_, we want to evaluate: 

{[U3], ^1,2,3) = TT^TT^ e(^)'^'T(i)<T(2)^(3) (6.1) 



where 



T,,fe = r((Z^* - l)ddU - l)dj{W - l)dk{U - 1)) 

All the following terms have odd degree - and therefore vanishing trace: 

T{d,iU)dj{U*)dkiU)) = r(a,(A//+ + M^)dj{Ml + M*_)dk{M+ + A/_)) = 0. 
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Lemma 6.2. The following relations hold: 

a,(M±)M; = -M±9,(Af;) a,(Af;)p^ = -m;9,(p^) (6.2) 

T(P^9,(M±)aj(Mi)) = T{P±d,{P±)d,{P±)) (6.3) 
r(P±9,(M±)9,(M;)) = t(9,(M±)9,(M;) + P±d,{P±)d,{P±)) (6.4) 
Beware of permutations between i and j in the equations (|6.3p and (|6.4p ! 

Proof. The first series can be proved by integration by parts: 

9,(A/±)Af; = d,{M±M^) - A/±9,(A/;) - -Af±a,(A.f;) 

because (lemma [O]) A//±A/* = 0. We also have Af^P:^ = A/^P±P:p = 0, which 
enables to prove the second equality of (|6.2p using the same method. Now 

r(P:^a,(A/±)9,(A4)) - r(a,(A4)P^9,(A/±)) = 

= -T{Mldj{P^)d,{M±)) = T{Mld,{P±)ddM±)) 

= r(Mldj{P±){d,{P±)M± + P±9.(A/±))) = 

= T(p±d,{P±)d,{P±) + A/4P±9,(P±)P±a,(A/±)) = 
= t(P±9,(P±)9.(P±)), 

using i9»(P:^) = -a,(P±) and P±d^{P±)P± = 0. This last equality is true 

because P± is an idempotent and di a derivation. 
Regarding the last equation: 

T{P±d,{M±)d,{Ml))^T{{d^{P±M±)-d^{P±)M±)d,{Ml)) = 

= r{ddM±)d,{Ml) - d,{P±)M±d,{Ml)P± + a,(P±)Af±A/*9,(P±)) = 

= T(a,(A//±)a,(A/4) - p±a,(p±)p±Af±9,(A'/* ) + p±a,(p±)a,(p±)) - 

= r(a,(Af±)9,(Af;) + p±a,(p±)a,(p±)), 

possible because M^. = A/^P±. □ 

We will also need the following lemma: 
Lemma 6.3. If{i,j) = (1,2) or (2,1), we have both 

T{d,{u)dj{W)) = T{d,{M+)dj{MX) + a,;(Af_)a,(Ar )) 

and 

T{di{u)d2{u*) ~ d2{u)di{u*)) ^ o. 

Proof. The first equality is obvious by keeping only the degree terms in 

T{d.dU)djiU*)) = T{d,{M+ + M^)dj{Ml + AP )). 
The second one is obtained by integration by parts: 

T{d^{u)d2{W) - d2{u)di{W)) = 

= T{di{Ud2{U*)) -Udid2{U*) ~ d2{Udi{U*)) +Ud2di{W)^ = 

= cT{Ud^{W)) = 0, 

using [9i,i92] = —cdz and {ip3,U) =0. □ 
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6.0.1 Terms T132 and T231 

Using the identity ds{Mj_) = ^i2TTMj_, we can evaluate T231: 
T231 = -i2nT{{Ml + Ml)d2{U)[Ml - M*_)di{U)) 
= -i2T:T{AIld2{U)Mldi{U) - Mld2{U)M*_di{U) 

+ M*_d2{U)Mldi{U) - M*_d2{U)M*_di{U) 

Same thing for T'132: 

Ti32 = -i27rr((M; + M*_)di{U){Ml - M*_)d2{U)) 
= -i2TiT[MXdi{U)Mld2{U) - Mldi{U)M*_d2{U) 

+ M*_di{U)MXd2{U) - M*_di{U)M*_d2{U) 
Taking into account the £{a) of (|6.ip and the fact that r is a trace, 

1^231 - Ti32 = iATiT(Mld2{U)M*_di{U) - M*_d2{U)Mldi{U) 
KsU = Af+ + M_ , wc can put both terms in the general form: 

T(M;9i(M+ + M^)M*_dj{M+ + M_)). 
Keeping only elements of total degree 0: 

T{Mld^{M+)M*_dj{M^) + Mld^{M^)M*_dj{M+)) 
The first term integrates by parts: 

{d,{MlM+) - dr{M*+)M+)M*_dj{M^), 

which vanishes because 9i(A/^A/+) — di{Q+) — and M+M* = 0. For the second 
term, 

T(Af;(9,(M_Ar ) - M^d,{M*_))dj{M+)) - T{Ml^^{P-)^J{M+)) = 

= -r{d.{Ml)P^d,{M+)) = -r(P_a,(Af+)a,(Af;)) = -r(P+a,(P+)a,(P+)) 

applying (j6.2p . trace property and then (j6.3l) . 
Therefore, the contribution of T132 and T231 is 

T231 - ri32 - -i4nr{P+id2P+diP+ - diP+d2P+)). 
6.0.2 Terms T123 and T213 

As 53(Af±) — ±i2-KM±, the terms ri23 and T213 can be written: 

r„3 = i2^T{{MX + M*_)d^{U)dj{U*){M+ - A/_)) = 

= i27rr((P+ - P^)d,{U)dj{W)) = i2ttt{{2P+ - l2)d^{U)dj{W)) 
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Taking the difference T123 — T213, then using lemma [^751 the expression becomes: 

^123 - T213 = tATrT(^p+{diiu)d2(u*) - d2{u)di{u*))y 

Let us study the term 

T{P+d,{M+ + M_)9j(M; + M*_)) = r(p+(9,(M+)9j(M;) + a,(M_)9j(M* ))) 

= r(a,(M+)a,(M+) + p+aj(p+)9,(p+) + p_aj(p_)a,(p_)) = 

= T(a,(Af+)a,(ii/;) + a,(p+)a,(p+)), 

using the equations (jO]) and (gJl), and then di[P-)dj{P-) = di{P+)dj{P+). Next, 
T(ai(P+)92(P+) - 92(P+)9i(P+)) = 

because r is a trace. 

FinaUy, the contribution of the terms ri23 and T213 is 

T123 - T213 = j47rr(ai(M+)a2(M;) - a2(Af+)9i(M;)) . 

6.0.3 Termes T312 and T321 
Lemma 6.4. The analogs of \6.S\ hold. 

Q^d.Ml = -d,{Q^)Ml = Q±d,Ml = d^{Ml) (6.5) 

Q^a,(Mi)aj(M±) = (6.6) 
Q±9,(A4)9,(M±) = a,(Mi)a,(M±) (6.7) 

Proof. For the first series of relations, 

Q^d^Ml = d,[Q^Ml) - d,{Q^)Ml = 

because Q^M^. = QzpQ±M^ = and d{Q±) = 0. Likewise, 

Q±diMl - d,{Q±Ml) - a,(g±)A4 = 9,(A4), 

thanks to (5±A/|. = Mj_. For the second series, 

T{Q^d,{Ml)d,{M±)) - -r(9,(Q^)A4a,(Af±)) = 0, 

using the previous relations. The third relation is obvious starting from 16.51 □ 

The terms r3i2 and T321 can be written: 

T3,j = i2^r((Af; + Ar )(A.f+ - M^)d,{U*)dj{U)) = 

i2TTT{{Q+ - Q^)d.,{W)dj{U)) = i27rr((2Q+ - l2)d,(U*)d,{U)) . 

Taking the difference r3i2 — 7321, then using lemma 1^751 we get: 

1^312 - T321 = iA7:T(Q+{diiU*)d2{U) - d2{U*)di{U))y 

19 



Let us study the following term 

T{Q+di{Ml + M*_)dj{M+ + M_)) = 

= T{Q+{di{Ml)di{M+)+di{M*_)dj{M_)) = T{di{Ml)dj{M+)). 

The difference can thus be written: 

T312 - T321 = i4nT(di{Ml)d2{M+) - d2{Ml)di{M+)y 

6.0.4 Synthesis and Final Computation 

Forming the synthesis of the studied terms: 

6V^2i7r ([t/3], Iy9l,2,3) = (7231 - T'l32 + T'l23 ^ T'213 + 73i2 - 7321) 
= i47:T{P+{diP+d2P+ - d2P+diP+)) 

i47rr(ai(M+)52(M;) - 52(M+)Si(m;)) 
i4nT(di{Ml)d2{M+) - d2{Ml)di{M+)^ 

= lAnT{P+{diP+d2P+ - d2P+dlP+)) 

= i47r([P+],[(pi,2]) 

This expression is a coupling on the algebra A = C{T'^). We can compute it using 

a connexion. 

First identify the module of CiT"^) which corresponds to the projector P_|_. 

Lemma 6.5. The module P^A^ is isomorphic to {Mqq)a- 

Notice that wo only need an identification as module, and not as bimodule. 

Notation 6.6. We denote the elements of M^q by (* ■ More generally, we include 
Mqq into Dq q in the following computation. 

Proof. To identify the module M associated to P+ , the simplest thing is to interpret 
and M+ respectively as maps P+A^ M and M P+A^. Formally, we 
introduce the maps $ : P+^^ ^ M^ ^ and * : M^ q P+A^: 

Using the properties of Af+ and M^. wc see that the maps $ and ^ are inverse to 
one another, and that they preserve the scalar products. □ 

The following result is well known: 
Proposition 6.7. The pairing of M~'^ with (pi^2 is given by: 

([^o:o].bi.2])=^27rc 

This proposition enables us to complete the computation of {[Us], [<pi,2,3]): 

{[Us], bi,2,3]) = T7=^^27rc = c^-^ 
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7 Consequences of the Pairings 



An immediate consequence of p.2p and table (I5.3P is that {Ui,U2,Uz) form a basis 
of Ki{D) (g) (D. It is therefore natural to wonder if these elements generate Ki{D). 
The answer is no. 

To prove the above, first notice that since the QHM are Pimsner algebras asso- 
ciated to the Hilbert bimodule M'^, their ii'-theory fit in the 6-terms exact sequence 
(see [201): 

KoiA) '"-^''^K KoiA) '-^Ko{D) (7.1) 

d 

To establish this exact sequence, Pimsner's approach is in fact to start with a short 
exact sequence 

^ J ^ Ta/ ^ ^ (7.2) 

and to prove that both J and Tm are i^TK-equivalent to A. The algebra Ta/ was 
defined in [5^. In our special case, one can prove (see section 1^ that 7m can be 
identified with the *-subalgebra oiT ® D generated by 1 (8) a and S for a G A 
and ^ e M . Notice that T is a nuclear C*-algebra, thus we don't need to specify 
which C*-norm we are taking in the tensor product. We identify T with the unital 
C*-algebra generated by the projector P and the isometry S with the relations 

SS*^l-P S*S=l. 

To prove that (C/i,t/2,&3) does not generate Ki{D), we study their images by 
the index map d:Ki{D) i^o(A)- 

Proposition 7.1. The index map of the Ui is given by: 

d{Ui) - d{U2) = d{U3) = [Q_] e [P+] 

with the notation of proposition \5.3l 

Proof. Since Ui and U2 come from the inclusion A ^ D, the first two equalities are 
clear. 

Regarding the last equality, we are really going to compute the index map in the 
6-term exact sequence associated to (j7.2p and then translate the result in terms of 
X-theory of A. 

It is readily checked that 

'S ® M+ + S*(gM- P ® P+ 

P®Q- S* ®Ml + S® Ml 

is a unitary lift of [/a in Ta/ . It is then easy to complete the index computation: 



U 



I2 




S ® M+ + 5* ® M_ 0\ /S** «) M; + 5* (g) Ml P®Q- 
P®Q- oil 



P®P+ 
P^Q- 
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Hence, the index of L/3 in J is P (g) Q- — P (8) P+, which is the image of Q- Q P+ in 
J. The iiT iiT-equivalence between A and J then entails d{U3) = Q- P+. □ 

In [5T] , Rieffel has given an exphcit description of the finitely generated projective 
modules over C(T^). He proves that Ko{A) can be identified with the pairs {d,t) 
where d (dimension) and t (twist) are in K. We can choose the definition of the 
twist such that [M"] ~ (l,c), and thus [P+] = (1,-c). 

From this identification, together with the proposition 3.f0 of ^21], we see that 

Id - [M] : (d, t) {d, t) ~ {d,t + cd) = (0, ~cd) 

Thus the kernel of Id -[M] is generated by (0, 1). As diU^) = [Q-] Q [P+] ^ (0, c), 
t/3 is not a generator of Ki{D). 

Another consequence of proposition 17.11 and the previous computation is 

Corollary 7.2. For any U e Ki{D), 

([C^],¥'l,2,3) = ^^(a[C/],^l,2). (7.3) 

Proof. Since the pairing is bilinear, we only have to check this on a basis of Ki[D)® 
(D. The equality is true for U — Ui and U — U2, since d{Ui) = 0. 
For C/3, notice that ([Q^], (^1,2,3) = ([1], <y5i,2.3) = 0. Hence 

([C/3],(pi,2.3) = -=(-[P+],(pi,2) = ^— (a(f/3),^l,2). 

□ 

The formula (|7.3p enables us to prove further properties of the pairing with ^x^i,^'- 

Corollary 7.3. There is a K -homology element K' G K^{D) such that for any 
[U] e Ki{D), 

([t/], ^1,2,3) = ^^^([t/], if')- 

In particular, this pairing takes only integer values, as one can check by direct 
examination of (j5.3p . 

Proof. We know that in A = C{T'^), one can find a ii'-homology element K such 
that 

([£;], ^1,2) =-i27r([i;], if) 

for any [E] G Ko{A). It is known that in the 6-terms exact sequence (|7.ip . one 
can seen the boundary maps as multiplication by some element 6 G KK^{D,A). 
Mutliplying K e K^iA) = KKo{A, (D) by S, we get K' G K^{D) such that 

t27T{[U],K') =t27r {d[U],K) = -{d[U],cf>,.2} = -|= ([[/], ^1,2,3). 

□ 
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8 Dimension of HP*{^) 

To complete the description of HP*{!^), it only remains to be proven that there 
are no extra cyclic cocycles. We therefore compute the dimension of HP'^{&) and 
HP^{&). We stick to computation of pairings and periodic theory. We also use 
results from [14]: in this article, it is proved that the smooth QHM ^ fit in a 
short exact sequence of locally convex algebras. In this section, we denote by ^2/ 
the algebra C°°(5^) with its usual Frechet algebra structure. We start with the 
following definition (see [12], 2.2 and 2.3): 

Definition 8.1 (Smooth Toeplitz algebra). The smooth compact operators K, are 
the N X N matrices (a^j) with rapidly decreasing complex entries. The topology on 
/C is given by the norms: 

Pn((a.,,))-^|l + »r|l+jna..,|. 

The smooth Toeplitz algebra ST is topologically the direct sum T = K, ® C°°{S^), 
where C°°(5^) is equipped with its usual Frechet structure. The multiplication in 
£^ is described via an action of £^ on s(N) (rapidly decreasing sequences). K. acts 
in the natural way, and C°°{S^) by truncated convolution. The function 'Y^OkZ^ 
acts on (^i) e s(N) by: 

k+j=i 

The algebra ^ fits in the linearly split exact sequence: 

^ J ^ ^ ^ ^ 0, 

where is the subalgebra generated in the projective tensor product ^^S' by 
1 (g) a, 5* (g) ^ and 5'* (g ^* for a € and ^ e The map tt is defined on the 
generators by: 

7r(l®a)=a n{S £.) ^ £. tt{S*<»C)=C- 

From this short exact sequence, the article |13] ensures us that there is a 6-terms 
exact sequence in periodic cyclic cohomology: 

HP^{/)^ HP°{:7^)^^—HP°{&) (8.1) 

HP\9) HP^i^^) HP^i^) 

It was also proved in [T3] that there are /cfc-equivalences ~ and ^ ~ £/. 
Consequently 

HP°{J) ^ HP°{£r^) = HP°{£/) ^ (C^ (8.2) 

HP^iJ) = HP\.T4^) = HP\^) = (8.3) 

Moreover, the inclusion si/ ^ induces an isomorphism at the level of iiT-theory. 
Hence the unitaries Vi = 1 J7i G form a generating set of i^i(J^), and if 
ii^ is a projector in M„(j2/) with dimension 1 and twisting 1, then 1 (g 1 and 1 ^ E 
are a generating set of Ko(.^^). These generating sets separate the periodic cyclic 
cocycles. 
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Let us now evaluate the image of tt* by computing pairings on S'j^ . In the odd 
case, 

(Fj,7r>j) = (7r»(T/j),(^j) (f/.,,<Pj), 

which together with (|8.2p proves that {Tr*ipj)j=i^2 is a basis of HP^{^^). 

In the even case, our analyse of the map Id — [M"^] ensures that in Kq{&) l{E) G 
is a torsion element. Here we used l: £^ ^ & to distinguish E e Kq{s!^) from 
l{E) e -K'o(^)- The definition of tt guaranties 7r(l ® E) = l{E) and 7r(l (g) 1) = 
The bilinearity of the pairing therefore enforces: 

(1 ® E, 7r*V) = HE), ^) = V) = (1 ® 1, ^^V-). 

Since 1 (?) 1 and 1 (g) i? separate HP*{s^), we see that 7r*(iJF°(^)) has dimension 
at most 1. It is easy to use the trace to check that the image is non zero. 
Putting the above results in the exact sequence (|8.1I) . we get: 

Proposition 8.2. The periodic cyclic cohomology of '3 is given by: 

HP°{2i) = HP\S!) = 

Yet, proposition l3.8l Drovided us with 7 cyclic cocycles. The tables (I4.ip and (j5.3|) 
enable us to exhibit linearly independent families of cyclic cocycles. Notice that the 
pairing {[K], [ip]) only depends on the class of ip in periodic cyclic cohomology and 
thus the families are independent in HP*{&). Hence we get: 

Theorem 8.3. Taking the notations of vrovosition lK^ 

• the family (t, (^1.3, 1^92,3) is o, basis of HP^{^^); 

• the family 1^2, <^i,2,3) is a basis of HP^{S!). 

It follows from [T3] that the (tensorised) Chern character is an isomorphism for 
the QHM. As we know the i^-theory of the QHM, we get: 

HPq{2)) = Kq{2!) (g^ (D = HPi{2i) = Ki{3) (g)^ C C'l 

Since the Chern-Connes pairings factorise through the Chern-Character from K- 
theory to cyclic homology (see [I8j, section 8.3), we can describe the periodic cyclic 
homology. Notice that in the following we require fji ^ Q ^ v so that the modules 
and ,jV'^ over ^ exist (see notation 14.111 and definition 14. ISp . 

Theorem 8.4. • The family (Ch(J7i), Ch(C/2), Ch(C/3)) is a basis ofHPi{3). 

• If li^Q^v, then the family (Ch {Sl^ ^), Ch {J/'^^),Gh (^^^)) is a basis of 
HP^{%,.). 

9 Final Remarks 

Notice that if we have an element K of X-homology, the tables (|5.3p and (|4.1I) are 
precisely what we need to determine the Chern character of K by simply computing 
its pairings with X-theory. 
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The previous discussion on linear independence in HP*{2i) or HC*{&) is rele- 
vant because the cyclic cocycle ip^ is nonzero in HC^{&) and {(fi,(fi2, ¥'3) is linearly 
independent in HC^i^), yet [(^3] = in HP'^{&). 

More generally, we have the following proposition which ensures the linear inde- 
pendence of the cyclic cocycles of proposition 13.81 

Proposition 9.1. The following Hochschild cycles are "dual" to the cocycles of 
vrovosition \3.8l in the sense that 

{ck,(Pi) = Sk,zki {ck.W-Puj) = Si^kSj^ihj (ci,2,3, ^1,2,3) ^ 0, 

for some nonzero constants kj £ (D, where the Hochschild cycles are: 

• Degree 1: ci = C/j* ®Ui, C2 = ® U2 and C3 = Ci* «) 6 + Q « 6 

• Degree 2: "skewsymmetrisation" Cj^^ of^^£^*U* ® Uj (S ^p.' 

2 

p=l 

• Degree 3: setting Upj equal to Uj for j — 1,2 and equal to for j = 3, 

2 

Remark 9.2. The Hochschild cycle ci_2.3 is the analog of a fundamental form for 
^. 

Remark 9.3. Cyclic cocycles are Hochschild cocycles and thus the pairings (c/, (pk) 
between Hochschild cycles and cocycles exist. If we consider only Hochschild cocy- 
cles, ((^1,3, ¥'2,3, </'i,2) are dual in the above sense to (01^3,02,3,01,2) where ci,2 = 

Remark 9.4. The formulas of these cycles are very similar to shuffle products of 
Ci. However, the shuffle product doesn't apply directly, since D is not commutative. 

Proof. It is obvious that ci and C2 are Hochschild cycles. It is a straightforward 
consequence of (|2.5p that C3 is closed. 

To prove that the 0^,3 and ci,2,3 are Hochschild cycles, we essentially adapt the 
proof of [23], lemma 12.15. We can apply the same arguments because 

e-'^'"'Ui^ = ^Ui e-"^'"'U2i = S.U2. 

To compensate the fact that is not unitary, we sum over p and use (j2.5p . The 
proof is then a set of lengthy but otherwise straightforward computations. 

We only prove that ci,2,3 is a Hochschild cycle and that it pairs non trivially 
with <pi,2,3, the other calculations are easier cases of the same thing. We want to 
evaluate 




1] £(f^0^M^(^^i^^(3)^^^(2)C^L(l)5<T'(l)f^^,<T(l)5<,'(2)C/,,^(2)9^'(3)C/^,<x(3))- 
i o-eEscr'eSa 
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Fix (T and a' and denote by T^^a' the associated term in the above sum. Notice that 
d3{Upj) = 63,ji2nUpj. We can find ja such that ctQ's) = 3. If cr(j3) = 3 ^ <^'{h)i 
then T„,,, = 0. As d2{Up.j) = -,52ji27rC/p,„ if a^a) = 2 ^ ^'(js) then T,,,, = 0. 
Thus a ^ a' imphes Tg-^o-' — 0. Finally, di{Upj) = —6iji2TTUp,j and 

\ i / i (TGSa 

i (TGS3 

by using the trace property of r. □ 

About the construction of C/3: the proposition 15.31 and the lemma [^31 essentially 
show that C/3 realises an isomorphism E'^ © E~'^ ~ 2i?*' , where E* is the line bundle 
over with twisting t. Another unitary could be constructed, that would realise 
the isomorphism E^ © E~^ ~ E"'^ © E'^'^'^^^^. This unitary together with C/i, C/2 
would probably be a generator of Ki{D). However, the necessary computations are 
much more involved. 

To conclude, on top of its possible implications on noncommutative 3-spheres, our 
study may foster intuition on Pimsner algebras. In the case of QHM, the "transfer 
formula" (j7.3l) shows how we can "transfer" a pairing from the Pimsner algebra to 
the basis algebra, thereby generalising a property of Nest [19 . It would be interesting 
to investigate if this is a general phenomenon for Pimsner algebras. 



A From Pimsner Algebras to Toeplitz Algebras 

This section is concerned with the identification of the Toeplitz algebras for general 
Pimsner algebras in the sense of |16| . We will rely on the gauge- invariant unique- 
ness theorem of ^IGj. In the following, we denote by J^{Eb) (resp. J^{Eb)) the 
adjointable (resp. compact) operators of the Hilbert module Eb (see |T7]) and by 
6^,^ the adjointable operator defined by Q^^r^iO — ^('7lC)- We also let A and B be 
two C*-algebras. 

Definition A.l (C* -correspondence). A C* -correspondence aEb from A to B is 
given by 

(i) a right Hilbert module Eb, with scalar product {■\-)b ; 

(ii) a *-homomorphism : A — > ^{Eb)- 

Definition A. 2 (representation of C*-correspondence). A representation of the C*- 
correspondence aEa on a C*-algebra B is a pair (tt, T) consisting of 

• a *-homomorphism of algebras tt : A — > i? ; 

• a linear map T :E ^ B which satisfies 

(i) mrno = Am a), 

(u) r(o^(«) - 

(iii) n{a)T{i)^T{cp{a)0- 
Notice that (ii) is in fact a consequence of (i) (see [16], definition 2.1). 
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Notation A. 3. Given a representation (tt, T), we denote by C*{tt,T) the C*- 
algebra in B by 7r{A) UT{E). 

Definition A. 4 (Toeplitz algebra). Tlie Toeplitz algebra associated to a C*- 
correspondence aEa is the universal C*-algebra generated by the representations of 
aEa- 

We also need the following definition (compare [TB], definition 2.3): 

Definition A. 5. If aEa is a C* -correspondence and {tt,T) a representation of E 
on there is a *-honiomorphism tt^""^^ : J^{E) — )■ B defined by: 

Proposition A. 6. Let aEa be a C* -correspondence. One can define a representa- 
tion (tt, r) of E onTc ®Oe by: 

7r(a) = l(g)a t{C) = S ® S^. 

This representation induces an isomorphism $ : Te — > C*(7r,T). 

Since the Toeplitz algebra Tci is nuclear, we do not need to specify which C*- 
norm we use to define ® Oe- 

Proof. Check first that (tt, t) is indeed a representation: 

(i) r{0*r{0 = [S* ® si){s ®Sc) = l® (C, = A{L 0); 

(ii) this point is a consequence of (i); 

(in) 7r(a)r(^) = {l® a){S ® S() ^ S ® aS^ ^ S ® S^(a)i, = T(0(a)^). 
Therefore, there is a homomorphism $ : Te Tc ® Oe defined on generators by: 

*(a) = l(g)a *(7i) = S"® S'^. 

To prove that this is an isomorphism, we use gauge-invariant uniqueness theorem 
for Toeplitz algebra (theorem 6.2, [TB]). 

For this representation (tt,?"), 

r(OT(C)* = SS* ® S^Sl = (1 - P) ® S^Sl 

hence ImTr^^) C (1 - P) ® C'b^"^ Since the image of ^ by tt is 1 (g) vl, /^'^ = {a e 
yl|7r(a) e Si = 7r(i)(jr (£;))} = 0. 

One can define an action (3 : r\T(c ® Oe by 

/3t(S'"«)F) = e*27rnt^n^^^ 

where F e Ob and n e N. 

We hence get a gauge action /3 on C*(7r, r) by restriction of /?: 

Pt{^{a)) = /3t(l (g a) = ^(a) PMO) ^Pt{S® S^) = e^^-*^ <S, ^ e'^^'riO- 
Consequently, $ : Te — C*(7r, r) is an isomorphism. □ 
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